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Redundant Single Gimbal Control Moment Gyroscope
Singularity Analysis
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The robotic manipulator is proposed as the mechanical analog to single gimbal control moment gyroscope
systems, and it is shown that both systems share similar difficulties with singular configurations. This analogy
is used to group gimbal angles corresponding to any momentum state into different families. The singularity
problem associated with these systems is examined in detail. In particular, a method is presented to test for the
possibility of nontorque-producing gimbal motion at a singular configuration, as well as to determine the
admissible motions in the case when this is possible. Sufficient conditions are derived for instances where the
singular system can be reconfigured into a nonsingular state by these nontorque-producing motions.

I. Introduction

S INGLE gimbal control moment gyroscopes (SGCMGs)
are angular momentum storage devices that can be Used as

torque actuators for spacecraft attitude control. Since they
operate exclusively on electric power, CMGs can provide
torque without expending fuel or consumables. Single-gimbal
CMGs have significant hardware advantages over double-gim-
bal CMGs in spacecraft attitude control; i.e., mechanical sim-
plicity and ability to provide torque amplification. Despite
these advantages, SGCMGs are plagued by copious mathemat-
ical singular states that preclude torque generation in a certain
direction. This situation occurs when all individual CMG
torque outputs are perpendicular to the singular direction, or
equivalently when the individual momenta have extremal pro-
jections onto this direction. These conditions, if not properly
addressed, severely limit the usable momentum capability of
the CMG system. Hardware limits on gimbal rates entail that
neighborhoods of singular states also be considered in the
control Jaw design since they represent regions of limited
torque capability. Although the extra degrees of freedom pro-
vided by adopting redundant CMG systems may reduce the
possibility of encountering singular states, their use does not
eliminate the singularity problem. Since the specific arrange-
ment of the gimbals affects the type and number of singulari-
ties, one may reduce the possibility of encountering singular
states within the CMC momentum volume through modifica-
tion and improvements in CMG design.U3

The groundwork for the singularity analysis of SGCMG
systems was presented in Ref. 4, where the topology of such
devices was explored in a systematic fashion. One of the con-
tributions of this paper was the establishment of a mathemat-
ical framework to characterize and describe the geometric
properties of singular states. In particular, an approach to
analyze nontorque-producing motions (or null motion) near
singular configurations was presented. A refinement of this
method was given in Ref. 5.
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In this paper the robotic manipulator is shown to be the
mechanical analog to SGCMGs and is used as an aid to the
analysis of SGCMG systems. Both systems possess similar dif-
ficulties with singular configurations, and results from one
area may be applicable to the other. As a result of this corre-
spondence, the analog is used to group CMG gimbal angle
configurations into different families for any momentum
state. The singularity problem associated with SGCMGs is
then examined in detail, and a method is presented to test for
the possibility of nontorque-producing gimbal motion at a
singular configuration. In this way, it is possible to distinguish
between different types of singularities. In the case where null
motion is possible at a singular configuration, this approach
allows for the determination of these admissible motions, and
sufficient conditions are derived for the case when the singular
system can be reconfigured into a nonsingular state. Several
examples assuming a four-SGCMG, pyramid-mounted system
are presented to illustrate these concepts.

II. Mechanical Analog
In this section, the robotic manipulator is proposed as the

mechanical analog to SGCMGs. The correspondence between
robotic manipulators and SGCMGs can be exploited to aid in
the understanding and design of steering laws. To establish the
correspondence, we will establish the analogy between mo-
mentum and position, torque and velocity, and demonstrate
the equivalence of the singularity problem for both devices.

One approach in the analysis of CMG and manipulator
systems is to consider their action as a mapping from an input
to an output space. For a system of n SGCMGs, denote the
space of gimbal angles 0, by T" (the A?-dimensional torus since
0, = 8j + 2?r) and momentum space by H C/?3. Similarly, for an
A?-link, serial, open-loop manipulator, denote the space of
joint coordinates q\ by T" and position space by X CR3. In this
paper the manipulator end-effector orientation is not consid-
ered: Each q, can be either a rotational or translational joint.
The displacement of each link is expressed by Jt/, which is the
projection of the / th link in the base (absolute) frame of refer-
ence, with positive direction defined by proceeding outward
along the kinematic chain. For both systems, we can define the
nonlinear, differentiate, vector-valued mappings, /: T" — H
andg: 7" —A", the former for CMGs and the latter for manip-
ulators.

To establish the correspondence between momentum and
position, consider the CMG system as an open-loop kinematic
chain or linkage made up of equal "length" momentum links
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hj(0j) attached to each other in arbitrary order. The length of
each link is given by the magnitude of each CMG angular
momentum. The individual momentum vectors are con-
strained to rotate in a fixed plane determined by the corre-
sponding gimbal axis. This requirement is not necessary for
general spatial manipulators. The motivation for this concept
derives from the expression for the total angular momentum
h(t) of an SGCMG system as the vector sum of individual
momenta, i.e.,

MANIPULATOR SG CMG SYSTEM

Position x - x(q) Momentum h.a ji{£)

Velocity x . a J ( q ) q Torque h. * * ) (£ )£

Acceleration x - J (3) cj + j (q) q Torque h « J(0) 0 + j(0) 0

For a robotic manipulator, the end-effector position x(t) is the
vector sum of individual link displacements Xj(q).

No motion possible in a certain
direction

No torque possible in a certain
direction

Fig. 1 Correspondence of manipulators to SGCMG systems.

The summation operation in both cases is commutative.
In similar fashion, the analogy between torque and velocity

can be established. The total output torque for an SGCMG
system is given by the time rate of change of the total system
angular momentum relative to a frame of reference, in this
case the spacecraft body-fixed coordinate frame, which is
given by

Similarly, for the robotic manipulator, the end-effector veloc-
ity is

where, in both cases, / = [7*1, . . . Jn] is the 3 x n Jacobian trans-
formation matrix. Obviously, commutativity applies here as
well. To complete the analogy, the following discussion illus-
trates the equivalence in the singularity problem for manipula-
tor and the SGCMG systems.

The singularity problem involves the same concept for both
devices. In both cases, singularity is defined when the mapping
from input to output space is not locally onto, or equivalently
the Jacobian matrix does not have full rank, i.e., rank (/) < 3.
For the the CMG case, torque cannot be generated along a
particular axis, whereas for manipulators, end-effector motion
is impossible in the singular direction. The correspondence
between manipulators and SGCMG systems is summarized in
Fig. 1.

III. Classification of Families
of Gimbal Angle Solutions

In this section a method will be presented to classify families
of gimbal angle solutions for SGCMG systems. This notion of
families of solutions can be a useful tool in the process of
designing CMG steering laws. This method is motivated by the
use of the mechanical analog to identify CMG gimbal angle
configurations belonging to the same family as the total mo-
mentum of the CMG system varies. The notion of "family of
solution" is well established for manipulators. The fundamen-
tal concept in defining a family is the use of the minors of the
Jacobian matrix. For nonredundant manipulators, only two
configurations exist for a given end effector location, and the
boundary of the two solutions is defined by det(J) = 0. In this
case, the Jacobian is square (m x AT?), and has only one minor
of order m . The two configurations are defined by the sign of
the Jacobian determinant (+ and -). For redundant manipu-
lators, the Jacobian is nonsquare (m x n , n > m), and multiple
solutions may exist for a given end-effector location. These
solutions are similarly identified by the nonzero minors of the
Jacobian.6'7 For further detail see Ref. 8.

In the case of SGCMGs, we can apply this notion of nonzero
minors as a method of classifying multiple gimbal angle solu-
tions for a given momentum state. It will be assumed that no
restrictions are placed on gimbal angle rotations, as is the usual
situation.

Definition: An admissible family of gimbal angle solutions
is the set

A={OtD: M/(0);*0, V/ < n (n -1) (n -2)/3!, n > 3]

where M/ are distinct Jacobian minors of order 3, and
D = [0€ T": h =/(0)] is the admissible domain for a given total
momentum state.

With this definition, the various gimbal angle solutions for
all momentum states may be classified by the sign combina-
tions of the Jacobian minors. As a result, switching between
different families is accomplished any time a minor changes
sign. Note that it is not necessary that all minors be zero (i.e.,
singular state) for switching to occur. The boundaries of the
families (either in gimbal or momentum space) are generated
by the gimbal angle solutions to singular minors i.e., all 0 such
that M/(0) = 0. The singular states correspond to the intersec-
tions in gimbal space of all of these singular minors. It is also
evident that a table of all possible sign combinations can be
generated for the minors similar to the sign pattern of CMG
rotor momentum projections onto the singular direction.4'9 It
should be emphasized, however, that not all sign combinations
are admissible for a given momentum state, since the solution
gimbal angles may violate the total momentum constraint.
This means that only a subset of all possible minors can be
considered at any momentum state.

To illustrate this concept, switching between solution fam-
ilies is examined for a four-pyramid CMG system. It will be
shown that different families are connected via null motion
[that is, 68 such that 7(0)60 = 0], and switching can occur at
nonsingular states. The momentum state was chosen as
h - [0.5, 0.0, 0.0 ]T corresponding to the gimbal angle config-
uration 0= [-18, 0.4, 43.8, -22.9]r(in degrees). The gimbal
rates for null motion of unit magnitude in the direction of the
Jacobian null vector were determined according to

1

where

3h\ d/H d/?i , i
n = -7T A — -l\— f = C,, C2, C3, C4

Ou Off OU

.
Jacobian null vector

C, = (— 1)M 'A//, order 3 Jacobian cofactor

MI = det(.//), order 3 Jacobian minor

Ji = J , with / th column removed
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Here, n represents the one-dimensional Jacobian null-space
basis vector. This vector is generated using the generalized
cross or wedge product10 A to form the vector orthogonal to
the three Jacobian row vectors.8 The integration time step was
0.01 s. In the case when more than four CMGs are used, the
minors can be formed from all distinct permutations of three
columns of the Jacobian matrix. That is, each minor corre-
sponds to the determinant of each distinct 3x3 submatrix that
can be formed from the Jacobian matrix. From Fig. 2, it is
seen that the singularity measure, Vdet(//r) remains nonzero,
and thus the system is nonsingular for the entire simulation
period. The reason for using the square root of the determi-
nant is that this expression is equal to the product of the sin-
gular values of the Jacobian matrix, and the system is singular
when one of these singular values is zero.8 From the minor
plots, transitions between seven distinct families (Table 1) can
be observed. The switching sequence is given by [2, 3, 4, 5, 4,
6, 7, 1, 2) . From the gimbal angle plots, the closed periodic
nature of the null gimbal angle trajentory is evident. Figure 2
indicates that the system remains nonsingular while families
were switched during continuous null motion.

Expanding the combinatoric possibilities, it is seen that up
to 1.6 (24) possible minor sign combinations can exist. The
constraint on total CMG momentum, however, will prevent
some from being realized. The periodic nature of switching
seen in the preceding example seems to imply that null motion
connects these particular families at the assigned value of total
momentum; any other possible families may not be reachable
from the initial gimbal angle configuration at this momentum
level. Analogous tests performed at zero momentum resulted
in switching at singular configurations. This seems to imply
that boundaries between gimbal angle families are dependent
on the total CMG stored momentum, initial gimbal angle ori-
entation corresponding to this momentum level, and perhaps
the adopted CMG configuration. Results obtained in Ref. 11
seem to indicate that the initial gimbal configuration must lie
in certain regions in order to pass through an arbitrary se-

Table 1 Minor sign pattern
for families of gimbal angle solutions

u

Family M\ M2 M3 M4

1 + + + +
2 + - + +
3 + +
4 _ _ _ _j_
5 -
6 + - - +
7 + - + +

quence of momentum states without encountering a singular
configuration.

IV. Singularity Analysis
Before proceeding with the singularity analysis of SGCMG

systems, we will briefly review the definition of singularity.
The requirement of a control torque in each of the three space-
craft axes is expressed by the rank of the CMG system Jaco-
bian matrix. If rank(/)<3, the CMG system is unable to
produce torque along an arbitrary direction s, the singular
direction. This requirement is summarized in the following
definition.

Singular state: A singular state is defined as a set 05 of
gimbal angles for which

05 = =0 (1)

2.5 5 7.5 10 12.5 IS 17.5 20 22.5 25 27.5 30

Fig. 2 Switching of families of solutions.

This occurs whenever rank (/)<3, where y/(0?) is the /th
column of the Jacobian matrix evaluated at the singular gim-
bal angle. A physical interpretation of the singular direction s
can be obtained from the mechanical analog by considering the
fundamental relationship between end-effector force and in-
put displacement via the principal of virtual work,12 which is
given by

Ta=JT(q)Ff

where Ta represents actuator torque, and Ff represents end-ef-
fector (interface) force. Equation (1) can also be written as
JTs = 0, from which it can be seen that s plays the role of a
workless external force.

Singular states can be classified according to the location of
the total momentum vector relative to the momentum volume
or work space: 1) surface or saturation singularities or 2) inter-
nal singularities (elliptic or unescapable, and hyperbolic).

V. Saturation Singularity
As the name suggests, a saturation singularity corresponds

to a configuration for which the CMG system has projected its
maximum momentum capability along a certain direction. The
mechanical analog to this type of singularity is a completely
stretched manipulator. The criteria for a saturation singularity
can be summarized as

Rank(/)<3

From the mechanical analog, it is intuitively clear that there
can be no relative motion of the links that does not affect the
end-effector location. The same comments apply to the CMG
system, and no escape is possible.

VI. Internal Singularity
Any singular state for which the total angular momentum

vector is inside the momentum envelope (boundary) is defined
by default as "internal." These singularities can be further
classified according to whether escape by null motion is possi-
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ble. The term ' 'escape" used in this context is defined as
follows.

Escape by null motion: A singular CMG system can be
reconfigured by null motion into a nonsingular configuration
if one exists. The implications of this statement are twofold.

1) A nonsingular configuration is reachable by null motion
from the singular configuration; i.e., the CMG system can be
reconfigured in a continuous manner using null motion only.
To state it succinctly, the two solution sets are not disjoint with
respect to null motion.

2) The rank of the Jacobian can be affected (increased) by
these null motions.

With these two criteria in mind, a test for the possibility of
escape by null motion is derived in the following section. With
slight modifications, this same approach can also be used for
the singularity analysis of robotic manipulators.13

Before proceeding to the next section, it is important to
distinguish between escape by reconfiguration and escape by
reorientation using null motion only. By the latter we mean
reorientation of the range space of the singular Jacobian ma-
trix (R(JS) such that it spans the desired torque direction, since
solution gimbal rates can always be computed for torque re-
quests that lie in (R(JS). Equivalently, the singular direction s
is reoriented by null motion [since s _L (R(JS)] so that it is or-
thogonal to the desired torque direction. This serves to illus-
trate the point that for singularity avoidance control algo-
rithms, the singular direction, and not merely the fact that the
system is singular, represents the primary constraint on system
performance. As long as the desired torque direction lies in
(R(J), bounded gimbal rate solutions can always be calculated
whether or not J is singular.

A. Test for Possibility of Escape by Null Motion
The test for escape can naturally be separated into two parts.

First, we test whether null motion is possible at the given
singular state. Obviously, if null motion is impossible, there
can be no escape from singularity. Second, if null motion is
possible, it is desirable to know whether this motion affects the
rank of the Jacobian. For the first part of the test, an approach
based on techniques presented in Ref. 4 is adopted.

To test whether null motion is possible at a singularity, the
total CMG angular momentum is expanded in a Taylor series
about a singular configuration 6s to obtain

Jacobian null space basis vectors as in Ref. 5:

h (6s + 5B)-h (6s) = (2)

If we now impose the constraint of Eq. (1) by taking the inner
product of Eq. (2) with the singular direction s, all of the odd
terms on the right-hand side drop out since $ r-//(0f) = 0,
/ = 1 , . . . , n . The resulting expression becomes

S T - [h -hs] = s7 • i>/[cos(60,-)- l] (3)

To examine the behavior of Eq. (3) for null variations near a
singularity, h=hs by definition of null motion, and Eq. (3)
becomes

0= (4)

This is the governing nonlinear constraint equation for in-
finitesimal null motion about a singular state that must be
solved for the admissible null variations consistent with the
constraint of Eq. (1). In geometric terms, the purpose of this
part of the test is to characterize the nature of the singular state
in the configuration (gimbal angle) space 0, i.e., whether it is
an isolated point, a point on a closed curve, at the intersection
of multiple curves, ect.

To obtain a solution for 60,, this equation can be linearized.
Expressing the null variations as a linear combination of the

n-r(J)
66= £ c,Ai/=yVc

1=1
(5)

where

Cj = scalar weighting coefficient
/i/ = null space basis vectors
r(J) - rank of Jacobian matrix

Substituting Eq. (5) into Eq. (4), the desired final result is
obtained:

cTQc =0 (6)

where

Q = NTPN
P - diag(sr- hf), projection matrix

This quadratic form represents a constraint equation that the
admissible null motions must satisfy in the vicinity of a singu-
lar state. To find these variations, this equation is solved for c,
and the result is substituted in Eq. (5) to form the admissible
null variations dOa =7Vc5, where cs is the solution to Eq. (6).
The solutions to Eq. (6) can be classified according to the
properties of the quadratic form as 1) definite Q or 2) indefi-
nite or singular Q.

When condition 1 holds (i.e., 6>0), tne only solution to
Eq. (6) is c =0, and null motion is impossible; thus escape is
impossible from this type of singular configuration. It is seen
that this condition also satisfies Eq. (4) exactly. Note that a
sufficient but not necessary condition for Q > 0 is that P > 0,
an example of which is a saturation singularity. There exist
internal singularities, however, for which Q >0 while Pis not.
This type of singularity is termed elliptic, from Ref. 4, and is
an isolated point in 0. In general, this is the most difficult
singularity to avoid with steering (redundancy resolution)
algorithms and represents the most problematic CMG orienta-
tion.

The other possibility for Q is to be indefinite or singular.
This type of singularity is termed hyperbolic, from Ref. 4.
Although this implies that null motion can be generated at this
singularity, the mere possibility of null motion does not guar-
antee escape from singularity. Degenerate solutions that do
not affect the rank of the Jacobian must be excluded. These
degenerate solutions are referred to as rigid-body motions be-
cause the singular configuration remains undisturbed during
the null displacements. In this case, the singular state is a point
on null trajectories on 0, and the admissible null variations are
tangent to these trajectories at the singular configuration.

To address the issue of degenerate solutions (i.e., null dis-
placements that generate rigid-body motion and do not change
the rank of the Jacobian, as described previously), an addi-
tional test must be performed. By examining the Taylor series
expansion of the singularity measure m - det(JJ7) for admissi-
ble null motions obtained from Eq. (4), it can be ascertained
whether m can be changed by these null displacements. To
characterize the nature of its stationary points, it is natural to
consider constrained variations of the singularity measure
along null trajectories in 0. These trajectories are defined as a
set of connected points 0, which satisfy h(6s)=f(0) and for
which J(0) has constant rank. From this definition, these tra-
jectories define a manifold.

Geometrically, since it has already been established that the
singular state is not an isolated point in configuration space, it
must lie either on a manifold or at the intersection of multiple
manifolds (including the case of tangent intersections). As an
example, a degenerate solution would be one where the singu-
lar state lies on a closed curve along which the Jacobian has
constant but less than full rank. In this case, the singular state
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would be a point on a "singular" curve and would represent
an unescapable singularity. The opposite situation would oc-
cur if the singular state was at the intersection of two curves
along which the Jacobian had full rank. In this case, the ad-
missible null motions from Eq. (4) would represent the tan-
gents to these two curves at the point of intersection. Motion
along one of these tangents would result in a change in the rank
of the Jacobian, and this would represent an escapable singu-
larity.

Expanding m about the singular configuration we obtain

= »(!•>+tS 60,

0/ 50i + - - • (7)

The first term on the right-hand side vanishes since m (0s) = 0
by definition of a singular configuration.8 The second term
also vanishes because 0s is also an unconstrained stationary
point of m, i.e., Vw(05) = 0r. To second order, Eq. (7) re-
duces to (neglecting the !/2 factor)

(8)

where Hs is the Hessian matrix of m evaluated at the singular
configuration. Expressing the gimbal angle variations as linear
combinations of the Jacobian null space basis vectors, Eq. (8)
reduces to

= CTNTHSNC = cTWc (9)

The quadratic form of Eq. (9) can now be used to test the
possibility of escape. Because ra(0)>OV0, //5>0 and also W>Q.
A sufficient condition for escape by null motion is //5>0; if
sufficient condition for escape by null motion is //5>0; if
^>0, it is evident that escape is possible. When JFis singular,
Eq. (9) admits solutions CM. for which the quadratic form is
zero. If these solutions coincide with the ones obtained from
Eq. (4) (i.e., CM, = CA), the test is inconclusive and other means
must be used to characterize the nature of the stationary point
(e.g., including higher-order terms). Such degenerate cases
may appear if the stationary point is actually a closed curve in
9. In this case, one might also numerically check whether
m(Bs + 5B) does not remain exactly zero along the variation in
question.

In the practical application of this method, the computa-
tional burden of evaluating the Hessian matrix Hs can be
reduced by applying the Binet-Cauchy14 identity to express m
as the sum of the Jacobian minors squared

m =det(.A/7)= f jAf?

where p=n(n-\)(n -2)/3!, n >3, and M/ are the distinct
Jacobian minors of order 3.

B. Examples of Internal Singularities
To illustrate the concepts introduced in this test, two exam-

ples of internal singularities are presented for a four-pyramid
CMC system. The singular direction s for both cases is the
spacecraft x axis. For simplicity, unit magnitude CMC mo-
mentum is assumed.

As an example of an elliptic internal singularity, consider the
configuration 0s = [-90, 0, 90, Q]T (in degrees) shown in Fig.
3. The singular direction s is the x axis. For this case

e = c/32'
c/33

Fig. 3 Example of elliptic internal singularity.

Fig. 4 Example of escapable hyperbolic internal singularity.

deg). It is evident that null motion is impossible since (?>0.
An escapable hyperbolic singularity is defined by Bs = [90,

180, -90, 0] (in degrees) shown in Fig. 4. For this case the
quadratic polynomial of Eq. (6) is

(c, - 1.76C2XC! + 0.605 c2) = 0

Two sets of distinct null variations exist in this case and are
given by

-0.605
1

1.76
1

60,2 =

1.76
1

-0.605
1

where c/3 = cos(/5)>0, and /3 is the pyramid skew angle (54.73 For small values of the scaling constants c, it can be shown
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that Eq. (4) is satisfied. Evaluating the Jf matrix, we obtain

W = f 4.741 -2.737~|
L -2.737 8.536J

In this case H/>0, and this singularity can be escaped by null
motion.

VII. Conclusion
In this paper, the robotic manipulator was proposed as the

mechanical analog to single gimbal control moment gyroscope
(SGCMG) systems. It was shown that both systems possess
similar behavior with regard to singular configurations, and
that techniques from one area may be readily applicable to the
other. An example of this was presented in the definition of
families of gimbal angle solutions for any given momentum
state. Not only is the analogy useful for generic analysis, it can
also be exploited in the design of steering laws for redundant
systems since singularity avoidance has been an active research
area, and many steering strategies have been developed for
kinematically redundant manipulators.

The singularity problem associated with SGCMG systems
was examined in detail. A method was presented to test for the
possibility of nontorque-producing gimbal motion at a singu-
lar configuration, as well as to determine the admissible mo-
tions in the case when this is possible. Sufficient conditions
were derived for the case when the singular system can be
reconfigured into a nonsingular state by these nontorque-pro-
ducing motions. The concept of rigid-body null motion was
introduced to define a class of degenerate null motion that is
unable to affect the rank of the Jacobian and thus extricate the
system from the singular state. In this case, criteria were
derived by expanding the singularity measure as a function of
null displacements whereby these motions provide for possibil-
ity of escape.
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